− → e − e − process in a muonic atom is one of the promising probe to study the charged lepton flavor violation (CLFV). We have investigated angular distribution of electrons from the polarized muon of the atomic bound state. The parity violating asymmetric distribution of electrons is analyzed by using lepton wave functions under Coulomb interaction of finite nuclear charge distribution. It is found the asymmetry parameters of electrons are very sensitive to the chiral structure of the CLFV interaction and the contact/photonic interaction. Therefore, together with the atomic number dependence of the decay rate studied in our previous work, the angular distribution of electrons from polarized muon should be a very useful tool to constrain the model beyond the standard model.
I. INTRODUCTION
The charged lepton flavor violation (CLFV) is an excellent probe of new physics beyond the standard model (SM) [1] since it is highly suppressed in the SM . Best experimental constraints of CLFV are obtained from exotic decays of muon : e.g. Br (µ + → e + γ) < 4.2 × 10 −13 [2] , Br (µ + → e + e + e − ) < 1.0 × 10 −12 [3] , and Br (µ − Au → e − Au) < 7 × 10 −13 [4] . Next-generation experiments are planned to discover CLFV [5] [6] [7] [8] [9] . µ − e − → e − e − transition in a muonic atom was proposed as new process to search for CLFV by Ref. [10] . The µ − e − → e − e − process has interesting features complementary to the other CLFV searches. One of the important property is the clear signal of the process; the total energy of two emitted electrons is equal to m µ − B µ + m e − B e , where B is the binding energy of the lepton in an atomic orbit. Discussion to search for the µ − e − → e − e − process is ongoing in the COMET Phase-I experiment at J-PARC [7] .
In our recent work [11, 12] , careful calculations are made for the transition rate of the µ − e − → e − e − , which includes the calculation of wave functions for the bound leptons in the initial state and the emitted electrons in the final state using the Dirac equation with the realistic charge distribution of nuclei. In calculating the rate of the µ − e − → e − e − process, it is essential to take into account the relativistic effects for the bound leptons and the distortion effects for the emitted electrons with the finite charge distribution.
The effective Lagrangian of CLFV process µ − e − → e − e − is given as
where G F = 1.166 × 10 −5 GeV −2 is the Fermi coupling constant, and A L/R and g j (j = 1, · · · , 6) are the dimensionless coupling constants. The left-and right-handed projections are given as P L/R = (1 ∓ γ 5 )/2, respectively. The L contact represents short range interaction and the L photo generates the one-photon-exchange process together with the ordinary electromagnetic interaction,
where q e = −e is a charge of an electron. There are several clear differences on the interaction type. For example, the atomic number (Z) dependence of the transition rate is clearly different between photonic and contact interaction, though it was shown that it is proportional arXiv:1908.11653v1 [hep-ph] 30 Aug 2019
3 in both cases with the simple estimation given in Ref. [10] . The cubic power of the atomic number arises from the wave functions of the initial bound states. However, we showed in our previous works [11, 12] that the Z dependence is stronger and weaker than (Z − 1)
3 for the contact and photonic interaction, respectively, by taking into account appropriate wave functions and photon propagator for photonic interaction. As another example, in Ref. [12] it was shown that the energy-angular distribution of emitted electrons is sensitive to the interaction type. With these facts, we can find which interaction is dominant. However, the above observables do not depend on the chiral structure. The chiral structure of CLFV interaction is an important key to search for the new physics. For example, it is well known that SU(5) and SO(10) supersymmetric Grand Unified Theory gives different chiral structures in the CLFV interaction. To observe it in µ → eγ and µ → eee, to make use of the muon polarization has been discussed in Refs. [13, 14] . In this paper, we focus on the µ − e − → e − e − search with a muon polarized in a muonic atom to extract the chiral property of the CLFV interaction. We start from our previous formulation of the µ − e − → e − e − [11, 12] and then we extended the formalism to describe the electron asymmetry for decay of polarized muon in atom. We investigate how the anisotropy in electron momentum distribution depends on the chiral structure of CLFV interaction in the µ − e − → e − e − of polarized muon and how they are useful to determine it, that is the violation of parity.
In addition to the parity violating signal, we also analyze motion-reversal-odd observables. Even if the interaction Lagrangian includes no CP violating terms, the final state interaction and other causes are known to induce the spurious CP violation in observables. Therefore the estimation of the contribution for the spurious CP violation is essential to measure the CP violation of the CLFV interaction via the µ − e − → e − e − process in future. In Sec. II, we formulate the µ − e − → e − e − in a muonic atom with polarized bound muon. After we present the analytic formula for the plane wave approximation to understand the mechanism of electron asymmetry, we study the formula including the distortion of emitted electrons. In Sec. III, the results of numerical calculation are given and the possibilities to identify the structure of the CLFV operator are discussed. Finally, in Sec. IV, we summarize our analyses.
II. FORMULATION
The µ − e − → e − e − decay of the muonic atom is described in the independent particle model of muonic atom. The
where we retain the first order terms of CLFV interaction. s i (i = 1, 2) is a spin of a scattering electron i and s ( = e, µ) is a spin of a bound lepton . We define energies of emitted electrons E i = p 0 i = p 2 i + m 2 e and their maximum energy E tot = m µ − B µ + m e − B e , where B is a binding energy of a bound lepton in a 1s state. Since a muon trapped by a nucleus is rapidly deexcited into the ground state, it is sufficient to consider only the case where the muon is in a 1s state. In this paper, we take into account bound electrons in only 1s states because they make the dominant contribution for both photonic and contact processes. The explicit form of transition matrix M is given in Refs. [11, 12] .
The decay rate of muonic atom with polarized muon is given as
where the muon spin density ρ µ is represented by using the muon polarization vector P as
Here, σ is the Pauli vector. We introduced dimensionless energies of electrons i (i = 1, 2) normalized by the maximum kinetic energy of final electrons as
so that 0 ≤ i ≤ 1 and 1 + 2 = 1. The differential decay rate for polarized muon can be generally expressed by two functions F ( 1 , c 12 ) and
wherep i is a unit vector in the direction of p i , and c 12 =p 1 ·p 2 is the cosine of an angle between emitted electrons. Γ unpol. is the rate of µ − e − → e − e − for unpolarized muon, which is given in our previous works [11, 12] (see also Appendix A in this paper). Since the differential decay rate must be symmetric under the exchange of p 1 and p 2 , the coefficients of the P ·p 1 and P ·p 2 terms are written by the same function F . The coefficient F D of the P · (p 1 ×p 2 ) term must satisfy
From Eq. (9), it is found that the effect of muon polarization disappears when p 1 + p 2 = 0.
A. Plane Wave Approximation
Firstly, we examine the transition amplitude for contact interaction with plane wave approximation for final scattered electrons and examine an analytic form of F 's to understand the origin of asymmetry. In this section, we derive asymmetry with a single operator dominance hypothesis and also neglect masses of final electrons. The transition matrix element of contact interaction with scalar coupling is written by using helicity representation h i of scattered electrons as
where p = p 1 + p 2 . Chirality of the interaction determines the constants h a and h b . For example,
The wave functions of bound lepton are written as
where χ s is a two-component spinor. The transition matrix, Eq. (11), can be expressed as
Here we define the radial integrals as
where j n is the n-th order spherical Bessel function. It is straightforward to evaluate asymmetry functions from the transition matrix element in Eq. (14) , which is used to test the complicated multipole expansion formula in the next sub-section. The integrals I gg , I f g , and I gf are comparable in magnitude, while I f f ∼Ĩ f f ∼ ZαI gg . By neglecting I f f andĨ f f , the asymmetry function Eq. (9) for g j -type (j = 1, 2) interaction is given as
Here
The vector type interactions g 3 and g 4 give very similar results as g 1 and g 2 interactions, though the exact analytic formula is slightly different from Eq. (20). Important finding is that F is proportional to h a . That is, the asymmetry reveals the chiral structure of CLFV interaction. This holds even for exact (distorted) wave functions of electrons.
It is also noted that I f g I gf for bound state lepton wave functions with point nuclear charge density. Therefore the use of finite nuclear charge distribution, which makes difference between muon and electron bound state wave function, is essential to obtain measurable asymmetry for g 1 -g 4 interactions.
The vector type interaction g 5 and g 6 in Eq. (3) can also written as scalar interaction using the Fierz transformation
With the relation, we can directly apply Eqs. (11) and (14), by assigning
Again, by neglecting the higher-order contribution of Zα, we obtain asymmetry for g 5 -and g 6 -type interaction as,
The asymmetry is again proportional to h a , but it remains finite even for wave functions under point charge.
B. Multipole Expansion
Following our previous works in Refs. [11, 12] , we introduce partial wave expansion of the scattering electron states and the transition amplitudes M in Eq. (6) is written as
where (l κ , m, 1/2, s|j κ , ν) and Y m lκ (p) are the Clebsch-Gordan coefficients and the spherical harmonics, respectively. N (J, κ 1 , κ 2 , E 1 , α e ) is defined in Ref. [12] , which is shown in Appendix A. After straightforward calculation, it is found that the asymmetry functions F and F D , defined in Eq. (9), can be written as follows,
and
where P l and P l are the Legendre polynomial and its derivative, respectively. The coefficients are given as
−jκ e +l+1/2 1 + (−1)
−jκ e +l−1/2 1 + (−1)
× (2J + 1)(2J + 1) (2j κ1 + 1) (2j κ2 + 1) 2j κ 1 + 1 2j κ 2 + 1
where 3j, 6j, and 9j symbols are used. Here α e and κ e indicate the state and the angular momentum of the bound electron, respectively. Although α e = 1s and κ e = −1 are assumed in this analysis, those formula can be applied to bound electrons in higher orbit. The common denominator of Eqs. (28) and (29) gives the differential decay rate for unpolarized muon, whose explicit formula is also given in Appendix A.
III. RESULTS AND DISCUSSIONS
The angular distribution of electrons from polarized muon can be decomposed into three independent components as dΓ
Here,p 12 = (p 1 +p 2 ) / |p 1 +p 2 | andq 12 = (p 1 −p 2 ) / |p 1 −p 2 |, and
F D shows the asymmetry when polarization of muon P is perpendicular to the momentum of emitted electrons. F S and F A show the asymmetry when P is in the plane of the momentum of emitted electrons. F S (F A ) represents the electron asymmetry whenp 1 +p 2 is parallel (perpendicular) to the polarization vector P and c 12 = cos 2θ(c 12 = sin 2θ) where θ is defined as an angle between P andp 1 as shown in Fig. 1 . ) show the configuration where only FS and FA contribute, respectively. Here, three vectors, P ,p1, andp2, are in the same plane. θ is defined as an angle between P andp1. In the left panel (a), the vectorp1 +p2 is parallel to P so that the angle betweenp1 andp2 is 2θ. In the right panel (b),p1 +p2 is perpendicular to P so that the angle betweenp1 andp2 is π − 2θ.
ෝ ෝ
We consider the following cases in the single operator dominance hypothesis: 
In the following, we show results of asymmetry coefficients for polarized muon in 208 Pb. The muon and electron wave functions are obtained by solving Dirac equation with Coulomb potential of uniform distribution of nuclear charge ρ C (r),
with R = 1.2A 1/3 fm, where A is the mass number of the nucleus. The numerical results using multipole expansion formula has been tested by comparing results of simple formula with plane wave approximation.
The 2D plots of F S and F A for g 1 , g 3 , g 5 , and A R as a function of electron energy 1 and angle c 12 are shown in Fig. 2 . It is sufficient to consider only the domain 0.5 ≤ 1 ≤ 1 for each function because, without loss of generality, the electron indices i = 1, 2 can be assigned so that 1 ≥ 2 . The values of asymmetry function of g 2 , g 4 , g 6 , and
A L are just opposite sign of those of g 1 , g 3 , g 5 and A R as discussed in the plane wave approximation. Fig. 3 shows the c 12 -dependence of F S for fixed 1 , and Fig. 4 shows the 1 -dependence of F A for fixed c 12 . Depending on the CLFV interaction, the asymmetry functions can have large value in a certain domain of 1 and c 12 . The asymmetry of photonic interaction A R is very different from those of contact interactions. Furthermore, g 1 interaction can be distinguished from g 5 by using 1 -c 12 dependence of F S , while asymmetry functions of g 1 are almost the same as those of g 3 . The F D P · (p 1 ×p 2 ) term is parity even but motion-reversal odd [15] . Non-zero F D could be used as a signal of the CP violation of the CLFV interaction. However, it is known, for example in beta decay [16] , that the final state interaction generates motion-reversal odd correlation. For the µ − e − → e − e − process, the distortion effect of the emitted electrons by the nuclear potential also contributes to F D . In order to quantitatively determine the CP violating phases of CLFV interactions, it is necessary to evaluate the asymmetry stemming from other effects than the CP violation and to correctly count them as background contributions.
Although coupling constants (g j , A L/R ) are taken to be real, the coefficient F D of P · (p 1 ×p 2 ) term in Eq. (9) becomes non-zero due to the final state interaction of emitted electrons. In the photonic interaction, an additional source of non-zero F D is the propagation of real and virtual photon in the intermediate state. Fig. 5 shows the function F D as a function of 1 and c 12 . Since the P · (p 1 ×p 2 ) is even under parity transformation, F D of g 1 is the same as that of g 2 in contrast to F S and F A . F D is small for g 1 and g 3 and it has the largest value in photonic interaction. It is important to include the final state interaction properly in future searches for CP violation of CLFV interaction. 
IV. CONCLUSION
We have studied the energy-angular distributions of emitted electrons of µ − e − → e − e − decay in a muonic atom with polarized muon. The asymmetric distribution of electrons provides us information of the CLFV interaction in addition to the atomic number dependence of the CLFV decay rate discussed in our previous works [11, 12] . Our findings are; (i) The angular distribution of emitted electrons is a parity violating quantity. Therefore the asymmetry functions F S and F A probe the parity violation of CLFV interactions. (ii) The sign of the asymmetry directly reflects the chirality of muon involved in the µ − e − → e − e − process. (iii) Furthermore the 1 -and c 12 -dependence of the asymmetry depends on the type of CLFV operator in effective Lagrangian, which would also useful to distinguish models beyond the SM. In addition, it was found that the asymmetry could be large for the µ − e − → e − e − process induced by the photonic dipole interaction.
We have also estimated the asymmetry coefficient of the motion-reversal-odd term assuming no CP violating CLFV interactions. The asymmetry coefficient due to the final state interaction is not large, typically O 10 −2 ∼ 10 −1 .
In order to measure the asymmetry with enough precision we need a sufficient number of events. The µ − e − → e − e − event rate is maximum at 1 = 0.5 and c 12 = −1 [11, 12] , where the asymmetry is zero. Therefore more careful study is needed to find optimal kinematical condition to realize the idea and the efforts are in progress. In this appendix, we show the formula for the differential decay rate where the initial muon is unpolarized, which have been already given in Refs. [11, 12] .
where P l (x) is the Legendre polynomial and the coefficient c l is
The N is represented by
with
Here W j s (j = 1, 2, · · · , 6) for the contact interaction are given by
and .
The matrix element Z, which consists of CLFV and the electromagnetic vertex and the photon propagator, is given by 
where κ µ = −1 again. q 0 is q 0 = m µ − B 
We use s A = ±1 for A = g and A = f , respectively. F q0 la,l b (r 1 , r 2 ) is the coefficient in the partial wave expansion of the photon propagator, which is given as 
where we have defined ∂ ν = (iq 0 , ∇ 1 ) and
l1,l2 (r 1 , r 2 ) = h
l1 (q 0 r 1 ) j l2 (q 0 r 2 ) θ(r 1 − r 2 ) + h
l2 (q 0 r 2 ) j l1 (q 0 r 1 ) θ(r 2 − r 1 ).
Here j l and h 
